In this paper, a control chart is proposed to detect changes in the covariance matrix of a multivariate normal process, when sample size is one. The proposed chart statistic is constructed based on the exponentially weighted form of sample covariance matrix given by individual observation over time. Distance between the values of variance and covariance components in this multivariate exponentially weighted moving sample covariance matrix and, the in-control corresponding elements of process variance-covariance matrix provides a basis for process variability monitoring. The statistical performance of the proposed method is evaluated through the use of a Monte Carlo simulation. The results show the superiority of the proposed control chart performance especially in the case of incremental changes in covariance matrix.
Introduction
Developing control charts for monitoring multivariate processes is of a great need in statistical process control (SPC) applications. Many researchers have contributed to the theoretical and practical use of the multivariate control charts for monitoring process mean. Hotelling (1947) first introduced the multivariate process control chart technique, which was a direct analogue of the univariate Shewhart control chart. Alt (1984) , Tracy et al. (1992) , Sullivan and Woodall (1996) and Vargas (2003) provided some issues, suggestions, and schemes in order to facilitate the use of the T 2 control chart in monitoring process mean. Healy (1987) , Crosier (1988) , Pignatiello and Runger (1990) and Hawkins (1991 Hawkins ( , 1993 are some papers which addressed the use of multivariate cumulative sum (MCUSUM) control charts for monitoring the mean vector of the multivariate normal processes. In addition, Lowry et al. (1992) , Runger and Prabhu (1996) , Prabhu and Runger (1997) , Linderman and Love (2000) and Qiu and Hawkins (2001) developed a multivariate exponentially weighted moving average (MEWMA) control charts to effectively detect changes in the vector of process mean.
Several works have been also carried out on the monitoring of covariance matrix in the SPC literature. Yeh et al. (2006) comprehensively reviewed the researches which had been done in this area. Some authors proposed the Shewhart-type control charts to monitor the process variability in multivariate normal processes. For example, Alt (1984) , Alt and Bedewi (1986) , Alt and Smith (1988) monitored the process variability using the Shewhart-type control charts. Sakata (1987) , Calvin (1994) , Vargas and Lagos (2007) and Yen and Shiau (2010) suggested Shewhart-type control charts based on the likelihood ratio test to monitor process variability. Guerrero-Cusumano (1995) proposed a control chart based on conditional entropy for this purpose. Barnett (1996a, 1996b) developed control charts based on the decomposition of the variance-covariance matrix. Since their proposed statistics are independent, they suggested some Shewhart control charts to detect any changes in the variance-covariance matrix. Levinson et al. (2002) used a hypothesis test to design control chart for monitoring the variance-covariance matrix. Yeh and Lin (2002) applied the probability integral transformation to transform different statistics into the same random variable and monitor the process variability. Khoo and Quah (2003) also designed a control chart to monitor process variability with individual observations. Yeh et al. (2012) proposed a control charting mechanism using penalised likelihood estimation of the precision matrix to monitor multivariate process variability with individual observations. Maboudou-Tchao and Agboto (2013) introduced a Shewhart-type control chart to monitor the variance-covariance matrix when the number of observations is less than the number of quality characteristics via the graphical least absolute shrinkage and selection operator (LASSO) estimator of the covariance matrix. Li et al. (2013) designed a Shewhart-type control chart using penalised likelihood estimation as well.
Some cumulative sum (CUSUM)-based control charts have been also designed in the literature for monitoring variance-covariance matrix. Healy (1987) proposed a multivariate cumulative sun (MCUSUM) control chart to detect sustained shifts in process variability in the case that all elements of the variance-covariance matrix change from σ ij to cσ ij . Hawkins (1991) mentioned that one could develop MCUSUM and MEWMA control charts based on regression-adjusted variables in order to monitor processes variability, however, he did not discussed it in details. Yeh et al. (2004 Yeh et al. ( , 2005 and Huwang et al. (2007) proposed multiple CUSUM control charts using regression adjusted variables to monitor process variability. Chan and Zhang (2001) also developed a CUSUM control chart based on projection pursuit to monitor the variance-covariance matrix. Surtihadi et al. (2004) considered several special cases of a process change affecting the variance-covariance matrix, and developed both Shewhart-type and CUSUM control charts to detect these changes.
MEWMA control charts have also been developed in some papers for monitoring the variance-covariance matrix. Yeh et al. (2003) proposed an MEWMA control chart based on determinant of the variance-covariance matrix to detect small shifts in the variability of multivariate normal processes. Yeh et al. (2004) designed a likelihood-ratio-based EWMA control chart and investigated its properties and performance. In their method, the exponentially weighed moving averages of the logarithm of the likelihood ratio were used for monitoring the process variability. Yeh et al. (2005) proposed maximum multivariate exponentially weighted moving variability (MaxMEWMV) control chart for individual observations which can be extended for n > 1. Yeh et al. (2006) also suggested an EWMA control chart based on generalised variance for this purpose. Huwang et al. (2007) also developed the multivariate exponentially weighted moving mean square error (MEWMS) and the multivariate exponentially weighted moving variance (MEWMV) control charts to monitor process variability. Hawkins and Maboudou-Tchao (2008) introduced the Multivariate Exponentially Weighted Moving Covariance Matrix (MEWMC). Memar and Niaki (2009) developed MEWMS and MEWMV control charts via applying L 1 -norm and L 2 -norm based distance between diagonal elements of the estimators from their expected values instead of the trace. Memar and Niaki (2011) presented three EWMA S t -based control charts using squared deviations of observations from target. Zhang and Chang (2008) proposed the multivariate exponentially weighted moving deviation (MEWMD) designed only to recognise changes on the variance components. Maboudou-Tchao and Diawara (2013) suggested a LASSO control chart based on penalised likelihood estimators to monitor process variability with individual observations. Shen et al. (2014) suggested an EWMA-type control chart by integrating the classical L 2 -norm-based test with a maximum-norm-based test to monitor the covariance matrix.
Some authors also concentrated on monitoring variance-covariance matrix of a bivariate process. Machado and Costa (2008) proposed a double sampling and EWMA control charts based on the maximum of the variances statistics (VMAX). Quinino et al. (2012) suggested a control chart using the mixed variance statistic (VMIX) to monitor the variance-covariance matrix of a bivariate process.
Several non-parametric multivariate control charts for monitoring process variability were developed by Liu (1995) . Several authors such as Zhang et al. (2011) and Wang et al. (2014) concentrated on simultaneously monitoring of the mean vector and covariance matrix of a multivariate process.
Most of the mentioned studies assume that the subgroup size is large enough to guarantee that the sample variance-covariance matrix is full rank. However, in some practical cases, especially in continuous processes, such as chemical and petrochemical industries, sub-grouping is not desirable or possible.
In this paper, we propose a method based on the exponentially weighted moving sample covariance matrix (MEWMSC), which is a generalised form of sample variance-covariance matrix, S. The proposed method is a direct extension of the EWMSV control chart method developed by Eyvazian et al. (2008) for monitoring process variability when the sample size is equal to 1. The MEWMSC statistic employs the distance measure proposed by Yeh et al. (2005) to create the new control chart. A comparison between Yeh et al. (2004) results and Chan and Zhang (2001) and Khoo and Quah (2003) control charts in identical out-of-control conditions indicated that MaxMEWMV is more effective for detecting changes in Σ 0 . Therefore, the performance of the proposed chart is compared to the MaxMEWMV control chart through the use of Monte Carlo simulation.
Remainder of the paper is organised as follows: In Section 2, the MaxMEWMV control chart is presented in details. The proposed statistic and its control limits are discussed in Section 3. Simulation results of comparing proposed method and MaxMEWMV are presented in Section 4. It is shown that the proposed chart outperforms MaxMEWMV chart especially when variances and/or correlations increase. Finally, conclusions are drawn in Section 5.
Monitoring process variability of multivariate individual observations
Assume that x t is a multivariate normal random vector of p variables denoted by N p (μ 0 , Σ 0 ), where μ 0 and Σ 0 are the population mean, and process variance-covariance matrix, respectively. X t 's are consecutively sampled over time. There are p elements in each sample, and the p-vector of the current sample is denoted by 1 2 ( , , , ) .
… The sample mean of the t last consecutive observations, t x can be given as follows:
where
The sample variance of the j th quality characteristic, s tjj and the sample covariance of the j th and k th quality characteristics, s tjk can be written as: 
In equation (5), the sample variances of the p variables are on the diagonal, and all possible pairwise sample covariances appear off-diagonal. The sample covariance matrix S t can also be shown in terms of the observation vectors:
The maximum multivariate exponentially weighted moving variability control chart
The maximum multivariate exponentially weighted moving variability control chart, denoted by MaxMEWMV, proposed by Yeh et al. (2005) to detect changes in the variance-covariance matrix elements due to individual observations of a multivariate normal process. The main idea of this control chart is calculating sample variance-covariance matrix through taking EWMA of , t t ′ X X and then defining appropriate statistics based on the distance between sample variance-covariance matrix elements and in-control parameters. Assuming that μ 0 and Σ 0 are known when the process is in-control, Yeh et al. (2005) further assumed that, without loss of generality, μ 0 = 0 and Σ 0 = I p×p in their derivation of the proposed control chart. In this situation, the matrix t t ′ x x provides an unbiased estimator of Σ 0 . Yeh et al. (2005) employed EWMA chart concepts in order to capture as much as possible the information contained in the running matrices, .
Their chart statistics is:
where 0 < λ ≤ 1 is a pre-determined smoothing constant and 0
The matrix form of the ˆt S can be given as follows:
where Yeh et al. (2005) showed that ˆt S provides an unbiased estimator for the in-control variance-covariance matrix I p×p . To effectively detect the changes in Σ 0 , they separated variance and covariance components of ˆt S and measured their deviation independently. Assume that (2005) showed that through several simulations for a variety of deviations in Σ 0 , the MaxMEWMV chart performs better than some competitive control charts in cases when variances increase with or without increases in correlations, or when only correlations increase positively. The performance of MaxMEWMV chart improves when smaller smoothing constants are used, and when variables are highly positively correlated.
Proposed control chart
The proposed control chart is an extension of univariate exponentially weighted moving sample variance (EWMSV) control chart proposed by Eyvazian et al. (2008) to multivariate case. Our proposed control chart (MEWMSC) is discussed in the following subsection in details.
MEWMSC control chart
Multivariate exponentially weighted moving sample covariance (MEWMSC) control chart is designed for monitoring process variability in multivariate case for individual observations. Similar to assumptions expressed in Section 2 for MaxMEWMV chart, it is assumed that this chart applies in Phase II process monitoring where μ 0 and Σ 0 are known and the process is in-control. Without loss of generality, μ 0 = 0 and Σ 0 = I p×p . If not, an appropriate transformation can be applied such that the variance-covariance matrix of the transformed data is I p×p . Developing the EWMA of S t provides the possibility to use maximum information of these individual S t over time and therefore it gives a potential ability to pursue the trend of S t to detect small changes effectively. As shown in the Appendix, S t can be given by 
(1 )
Simulation studies show that resultant statistic provides approximately an unbiased statistic for process variance-covariance matrix when t ≥ p and is used as the reference for detecting variations compared to corresponding in-control matrix. 0 x and S 0 are equal to the process mean μ 0 and variance-covariance matrix Σ 0 , respectively. In order to set up the control chart based on the proposed statistic, we use the distance method idea [equations (9) and (10)] employed in Yeh et al. (2005) . The estimates of the in-control mean and standard deviation of D t1 and D t2 for different smoothing parameters can be obtained using simulation. The upper limit of Max D t in equation (11) can also be calculated for a specific smoothing parameter and in-control ARL denoted by ARL 0 . Table 1 
ARL comparisons
In this section, the performance of the MEWMSC control chart is compared to the MaxMEWMV control chart using out-of-control ARL (ARL 1 ) values. We use MaxMEWMV for comparison because it is one of the few multivariate monitoring schemes which can be applied in the case that observations are individual and its performance is satisfactory as shown in the literature. In this study, it is assumed that the process has a multivariate standard normal distribution (Σ 0 = I p×p ). Since Yeh et al. (2005) presented their results for p = 2, the performance comparison is conducted in the same manner. To provide full comparison of two control charts, we also use the same categorisations and the same magnitude of shifts presented in Yeh et al. (2005) . For p = 2 the variance-covariance matrix can be written as or ρ > 0. In this study, we assumed that the interest is to detect the increasing shifts in covariance elements; and for all comparisons ρ is set to be positive. Simulation studies were conducted assuming that mean vector remains unchanged (μ = μ 0 = 0), while the variance-covariance matrix Σ changes. In this case, correlation is zero and one or both variance elements increase to 1.25 or 1.75. As shown in Table 2 , the results include λ = 0.1, 0.2, 0.3 and 0.4, because this range of λ produces the best performance for the proposed and MaxMEWMV control charts. σ are the same and equal to 1.25 and λ = 0.1, the ARL 1 of proposed method is 44.3 that is superior to the corresponding MaxMEWMV ARL 1 of 88.8. Table 3 presents the out-of-control ARL performances for both MEWMSC and MaxMEWMV approaches, when one or both variances decrease to 0.75. It is observed when one or two variances decrease; MEWMSC and MaxMEWMV control charts are both unable to quickly detect the shift. For example, when both variance elements decrease to 0.75 and smoothing parameter equals to 0.3, then ARL values for MEWMSC and MaxMEWMV control charts are namely 3330.4 and 2353.6, which are very larger than the in-control ARL of 370. Table 3 The ARL To investigate the main reason for poor performances, the estimates of the means and the standard deviations of D t1 and D t2 for both in-control and out-of-control cases are given in Table 4 . It can be shown that, as the variance elements decrease, the standard deviations of D t1 and D t2 significantly decrease. Therefore, the standardised values of D t1 and D t2 have higher probabilities to remain inside the control limit, while there is a decreasing sustained shift in process variability. On the other hand, as the variances increase, the standard deviations of D t1 and D t2 remarkably increase, and it leads the control chart to quickly signal. Table 5 . Notice that both methods are capable to detect such shifts, particularly, when the smoothing parameter is a small value. It is obvious that the proposed chart performance is superior to MaxMEWMV chart especially when 0.1 ≤ λ ≤ 0.3. For example, when the magnitude of shift in correlation coefficient is 0.5 and λ = 0.1 then, the out-of-control ARL for MEWMSC and MaxMEWMV control charts are 30.1 and 49.3, respectively. It shows the effectiveness of the proposed method compared to MaxMEWMV method.
The cases when
⎛ ⎞ = ⎜ ⎟ ⎝ ⎠ Σ 1 1 0 0 1 ⎛ ⎞ = ⎜ ⎟ ⎝ ⎠ Σ (in-control) 1 1.25 0 0 1.25 ⎛ ⎞ = ⎜ ⎟ ⎝ ⎠ Σ D t1 mean⎛ ⎞ = ⎜ ⎟ ⎝ ⎠ Σ 1 1 0 0 1 ⎛ ⎞ = ⎜ ⎟ ⎝ ⎠ Σ (in-control)
Table 5
The ARL 1 values when only ρ increases (p = 2, In this case, one or both variances change, and, at the same time, the correlation coefficient increases. Simulation results for some cases of variances increase are summarised in Table 6 . Again, it is easy to show that the proposed method performs better than MaxMEWMV chart. Notice that the superiority of the proposed chart to MaxMEWMV chart in small shifts is more notable. σ remind fixed and the ρ also increases to 0.25, the out-of-control values for both methods are namely 317.8 and 254.4. In this case, larger values of λ (say λ>0.1) lead both methods to be incapable to detect changes. For example, for λ=0.3, the out-of-control ARL values when 2 1 σ = 0.75, 2 2 σ = 1 and ρ = 0.25 for MEWMSC and MaxMEWMV are 455.3 and 416.0, respectively which are both greater than in-control ARL of 370. As mentioned before, this is mainly due to the fact that both methods have poor performance when one or both variance elements decrease. 
The cases when µ≠0
Thus far, it is assumed that process mean vector remains unchanged while studying the changes in variance-covariance matrix. In this section, the performance of the proposed chart will be assessed when there is a shift in the process mean vector. First, we consider the case that the mean vector changes and the process variances and correlations remain in-control. Table 8 shows the ARL 1 values when both μ 1 and μ 2 change 1 2 ( ( , )) μ μ ′ = μ and variances and correlation remain at 1 and 0, respectively. Table 8 The ARL 1 values when only the mean vector changes ( Results of Table 8 indicate that MEWMSC chart is almost insensitive to changes in µ particularly when both the smoothing parameter and the magnitude of shift are small. On the other hand, it is shown that MaxMEWMV chart performs considerably better than the proposed method. However, using MaxMEWMV control chart for monitoring process mean has two drawbacks. First, when the control chart signals, one is not certain whether it is the change in μ 0 or Σ 0 that causes the out-of-control signal. Second, although MaxMEWMV approach is superior to MEWMSC approach, it still performs worse than some multivariate control charts such as MEWMA scheme proposed by Lowry et al. (1992) when there is a sustained shift in the process mean. As a result, we suggest using jointly a multivariate control chart together with MEWMSC control chart for monitoring both process mean and standard deviation. Table 9 shows the out-of-control ARL values for the case when variances and correlation change with mean vector. Comparing top half of Table 9 with Table 6 indicates when variances increase the out-of-control signal for MaxMEWMV chart occurs more rapidly because MaxMEWMV is relatively sensitive to µ changes. Nevertheless, the performance of the proposed method in this case is still better than MaxMEWMV chart for 0.1 ≤ λ ≤ 0.2. On the other hand, comparing the bottom half of Table 9 with Table 7 illustrates that as the variance elements decrease MaxMEWMV has better performance than the proposed MEWMSC method, because both methods are insensitive to decreasing shift in variances, however, MaxMEWMV control chart is superior in detecting changes in mean vector. Table 9 The As a general note, the proposed chart has better performance than MaxMEWMV chart in 1 identifying increases in variances with or without increase in correlation 2 identifying increases in correlation solely.
Both of these cases are valid when process mean remains unchanged. Otherwise, MaxMEWMV charts signals more rapidly in some situations. The MEWMSC produces lower ARL 1 values when smaller smoothing parameters are used.
Conclusions and future research
In this paper, a control chart proposed for monitoring and identification of changes in variance-covariance matrix of a multivariate normal process when observations are individual. Simulation results indicated that the proposed chart has a superior performance when variances increase with or without increase in correlation or when correlation solely increases, and the process mean remains unchanged. Besides, the result revealed that smaller values of λ improve the performance of proposed MEWMSC control chart. In order to increase the ability of MEWMSC method in detecting sustained process mean shifts, it is suggested to combine MEWMSC control chart with MEWMA control chart developed by Lowry et al. (1992) . In this situation, the combined MEWMA and MEWMSC is able to quickly detect both shifts in the process mean and the process variability. Further, in order to increase the ability of MEWMSC control chart, a lower control limit could be appropriately added to the existing upper control limit. It may need to revise the current chart statistic and redefine D t1 and D t2 to enhance the effectiveness of distance criterion in identifying both upward and downward changes in variations. Proposing a mechanism to identify which of the variances or correlations are out-ofcontrol when out-of-control signal is detected also can be a fruitful area for future research.
